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DETERNINATION OF STRESSES AND DEFORMA 

OF AIRCRAFT PROP 

By F r i e d r i c h  Seewald 

Tne p r o p e l l e r  i s  probably one of t he  m o s t  h igh ly  
s t r e s s e d  p a r t s  o f  an a i r c r a f t .  I t  i s  t h e r e f o r e  su rp r i s -  
i n g  that t h e  s t r e n g t h  of a i rc raf t  p r o p e l l e r s  has h i t h e r t o  
r ece ived  s o  l i t t l e  a t t e n t i o n ,  While o u r  knowledge o f  t he  
s t r e n g t h  o f  a i r p l a n e  wings has been cons ide rab ly  i n c r e a s e d  
i n  r e c e n t  y e a r s ,  r e l a t i v e l y  l i t t l e  i s  y e t  known regard- 
i n g  t h e  s t r e s s e s  undergone by a i r c r a f t  p r o p e l l e r s .  I t  ap- 
p e a r s  impor tan t  t h e r e f o r e  t o  g i v e  t h i s  s u b j e c t  some a t t e n -  
t i on .  The i n c e n t i v e  t o  t he  fo l lowing  i n v e s t i g a t i o n  was 
f u r n i s h e d  by a s e r i e s  of a c c i d e n t s .  caused by y r o p e l l e r  
f a i l u r e s  i n  f l i g h t .  A l a r g e  p r o p o r t i o n  of t h e s e  f a i l u r e s  
occurred  w i t h  a type o f  p r o p e l l e r  which had a p e c u l t a r  
curv ing  shape. This p r o p e l l e r  could  not be made t o  f a i l  
on the t e s t  s tand ,  even w i t h  cons ide rab le  over loading ,  
a l though a blade r o o t  o f  one of the p r o p e l l e r s  used w a s  
a l r e a d y  damaged, Y 

A t  f i r s t  thought t h i s  f a c t  appears  rather remarka- 
b l e ,  s i n c e  t h e  f o r c e s  genera ted  i n  s tand  t e s t s  at  in- 
c r eased  r e v o l u t i o n  speeds a r e  much g r e a t e r  t han  i n  f l i g h t .  
I n  p a r t i c u l a r ,  t he  thrust  f o r c e s  on the  s t and  m e  a m u l -  
t i p l e  o f  t hose  i n  t h e  air. I f ,  however, t h e  a c t i o n  of the 
f o r c e s  on a p r o p e l l e r  b lade  i s  more c l o s e l y  cons idered ,  i t  
i s  immediately recognized  that the shape of t h e  'olade has 
a preponderant  e f f e c t  on t'ae bending moments. The cen- 
t r i fugal  f o r c e  a c t s  ngthmise o f  t h e  b l ade ,  whi le  the 

c o n d i t i o n s  of p r  e l l e r  o p e r a t i o n ,  t h e  c e n t r i f u g a l  
odynarnic f o r c o  a c  p e r p e n d i c u l a r l y  t o  i t .  Under pres- 

f o r c e  i s  one hundred s more times as g r e a t  as the  aero- 
dynamic f o r c e ,  If t blade i s  not  q u i t e  s t r a i g h t ,  t h e  
p o i n t s  of a p p l i c a t i o n  o f  t h e  c e n t r i f u g a l  f o r c e s  t o  t h e  in-  

* ::Beitrag z u r  E rmi t t l ung  de r  Seanspruciiungen und der  F o r -  
manderungen von L u f t  schrauben. If Ber ich ta  und Abhandlung- 
en d e r  Wissenschaf t l ichen  G e s e l l s c h a f t  f u r  Luftfa9rt No. 
14, December, 1926. (Supplement t o  Z e i t s c h r i f t  fur  Flug- 
t echn ik  und i i o t o r l u f  t s c h i f f  ahrt  . ) 
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d i v i d u a l  b lade  elemente do n o t  l i e  i n  a . , s k r a i g h t  l i n e  and 
consequent ly  gene ra t e  bending moments Ghich' t end  t o  
s t r e t c h  t h e  blade.  S ince  t h e  c e n t r i f u g a l  f o r c e  i s  prepon- 
doraxitly gre.at i n  comparison- w i t h  t h e  o the r  f o r c e s ,  even 
s l igh t  d e v i a t i o n s  f r o m  the s t r a i g h t  l i n e  a r e  important.  
Of course i t  does  n o t  matter whether t he  d e f l e c t i o n s  were 
o r i g i n a l l y  p r e s e n t  o r  were produced e l a s t i c a l l y  by t h e  
loading .  This i s  a well-known . f a c t , ,  and p a t e n t s  have al- 
ready  been granted  for a p r o p e l l e r  w i t h  b l a d e s  in tended  
t o  be s o  shaped t h a t  t h e  c e n t r i f u g a l  and aerodynamic mo- 
ments. w i l l  just o f f s e t  one another .  The b lade  a x i s  could  
then  be regarded  as a f l e x i b l e  l i n e  on which a l l  the  
f o r c e s  a c t  i n s t e a d  of on a s o l i d  body. Great c a u t i o n  
must be e x e r c i s e d ,  however, w i t h  such p r o p e l l e r s ,  a s  il- 
l u s t r a t e d  by t h e  above-mentioned acc idents .  '. I t  i s  not 
s u f f i c i e n t  f o r  oae t o  have only a q u a l i t a t i v e  knowledge 

.-of t h e  , e f f e c t  o f  t he  forces ,  bu t  he must a lso be a b l e  t o  

. . c a l c u l a t e  t h e  magnitude of  t h e  bending moments w i t h  con- 
s i d e r a t i o n  o f  t h e  sha2e. and e l a s t i c  p r o p e r t i e s ,  The on- 
l y  . s c i e n t i f i c  p u b l i c a t i o n  known t o  m e  on t h e  s t r e n g t h  in-  
v e s t i g a t i o n  o f  a i r c r a f t  p r o p e l l e r s  i s  t h e  work by Xeiss- 
n e r ,  Wa'ser d i e  Biegungsbeanspruchung bon Luf t schrauben 
und d i e  e n t l a s t e n d e  Tirknng der  Z e n t s i f u g a l k r a f t ,  Tech- 
nis.che 3oricht8,  V o l .  11, >To. 2., 1917, page' 315. I n  t h i s  
vork t h e  e l a s t i c  d e f l e c t i o n s  and t h e  c e n t r i f u g a l  moments 
due t o  t h e s e  d e f l e c t i o n s  a r o  determined f o r  a p r o p e l l e r  
which i s  conceived f r o m  t h o  f i r s t  as a s t ' r a igh t  un twis ted  
b a r ,  f o r  which a d e f i n i t e  d i s t r f b u t i o n  o f  t h o  .cross sec- 
t i o n s  and i n e r t i a  moments, i s  assumed. ProceedPng f r o m  

method f o r  determining tlis s t r e n g t h  of p r o p e l l e r s  which 
he exp la ined  i n  h i s  l e c t u r e s  at t h e  Ber l in  Poly technic  
I n s t i t u t e .  This w o r k  has not y e t  been pub l i shed  (1927). 
Basod on t h e s o  w o r k s ,  C. Jansen undertook an i n v e s t i g a t i o n  
on  how t h e  s t r e n g t h  c a l c u l a t i o n  of a p r o p e l l o r  i s  a f f e c t -  
ed by t w i s t i n g  t h e  b l a d e  s e c t i o n s  (D.V.L. Report  Bo. 50, 
Z e i t s c h r i f t  fur F lugtechnik  w d  M o t o r l u f t s c h i f f a h r t ,  1925, 
psge 87). Tho assixaptions concorn3.&g tho  shape of t ho  
brado a x i s  .and the  d i s t r i b u t i o n  of the inertia f o r c e s  
along t h o  b l a d o  czro o s s o n t % a l l y  the  saao as i n  R e i s s n o r t s  
work. S ince ,  howcvor, f o r  t h e  above-mentionod reasons,  
even s l i g h t  dovia ' t ions from t h o  p r e l i m i n a r y  assumptions 
o n t a i l  cons idorablo  changes' i n  t h o '  bending mornonts, i t  
i s  obvious ly  impor tan t ,  i.n p r o p e l l e r  i n v o s t i g a t i o n s ,  t o  
i n t roduco  t h o  t r u e  f o r m  i n t o  t h o  c a l c u l a t i o n ,  o s p o c i a l l y  
because,  i n  nost p r o p c l l o r s  and f o r  c o n s t r u c t i o n a l  roa- 
sozis, t h e  o r i g i n a l  b l ado  a x i s  d e v i a t e s  more f r o m  a s t r a i g h t  
l i n e  than i s  a s c r i b a b l e  ,.bO't'rle e l a s t i c  , d e f l e c t i o n ,  

. similar assumptions,  Vilhelm H o f f  developed a graphic  
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I n  what f o l l o w s ,  we nus t  t h e r e f o r e  r ega rd  the  air- 
c r a f t - p r o p e l l e r  b l ade  as an o r i g i n a l l y  bent and t w i s t e d  
b a r ,  which i s  s t i l l  f u  s t i c a l l y  deformed 
added Load, The taccurat on o f  t h i s  p r  
coun te r s  d i f f i c u l t i e s  out of a l l  p 
a b l e  r e s u l t s ,  The whole problem, 
s i m p l i f i e d , b y  remembering that only t h e  excess iv  
tude o f  t h e  c e n t r i f u g a l  f o r c e ,  which a c t s  approxfmately 
p a r a l l e l  t o  the  l o n g i t u d i n a l  ; a ~ : j ; ~  of t h e  b l a d e ,  makes i t  
at  a l l  necessary  t o  cons ide r  t h e  ve ry  s l i g h t  o r i g i n a l  cur- 
v a t u r e *  Hence, i n  de te rmining  t h e  cond i t ions  of eqv-il ib- 
rium, we w i l l  cons ide r  t he  t o t a l  cu rva tu re  (enbracing ttaat 
e l a s t i c a l l y  produced and tha t  o r i g i n a l l y  p r e s e n t )  only i n  
s o  fa r  as i t  invo lves  t h e  r e s o l u t i o n  of the  s t a t i c  f o r c e s ,  
which a r e  s o  l a r g e  i n  comparison w i t h  the  o t h e r s  t3at even 
a r e l a t i v e l y  s m a l l  component h a s  some e f f e c t ,  If the  cen- 
t r i f u g a l  f o r c e ,  which i s  approximately p a r a l l e l  t o  t h e  
a x i s  o f  the b l a d e ,  i s  reso lved  i n t o  a f o r c e  lengthwise  of 
t h e  b lade  and another  f o r c e  pe rpend icu la r  t o  t h e  b lade ,  
t h e  l a t t e r  comj?onent i s  only a . s m a l 1  f r a c t i o n  of t h e  cen- 
t r i f u g a l  f o r c e .  S ince ,  however, t h e  o t h o r  f o r c e s  a c t i n g  
i n  t h i s  d i r e c t i o n  a r e  very s m a l l  i n  coqczr i son  w i t h  t h o  
c e n t r i f u g a l  f o r c e ,  even t h i s  s m a l l  com-.)onent p l a y s  a p a r t .  
Conversely,  i t  would  be u s e l e s s  t o  consider  any saal1 
component o f  t h e  a l r e a d y  small .aerodynamic f o r c e ,  i f  i t  
should f a l l  i n  t h e  d i r e c t i o n  of t h e  c e n t r i f u g a l  force .  
hIoreotrer, s i n c e  t h e  d e v i a t i o n s  o f  t h e  b lade  a x i s  f r o n  a 
s t r a i g h t  l i n e  a r e  ve ry  small ( i n  extreme c a s e s  not  over  
1/30 o f  t h e  blade l e n g t h ) ,  t h e  b l ade  may be t r e a t e d ,  w i t h  
r e s p e c t  t o  t he  f o r c e s  pe rpend icu la r  o r  n e a r l y  perpen- 
d i c u l a r  t o  t h e  blade a x i s ,  as i f  t h o  b lade  a x i s  were 
s t r a i g h t  

Even i n  c a l c u l a t i n g  t h e  i n t e r n a l  s t r e s s e s ,  t h e  cur-  
v a t u r e  may be d i s r ega rded ,  and t h e  formulas o f  oleinentnry 
mechnnics ( f o r  examiJle, (5 = My/J) nay be cons idered  va l -  
&d. The r e s u l t i n g  e r r o r  i s  n s g l i g i b l e  s i n c e  the  r a d i i  of 
c u r v a t u r e  a r e  m u 1  t . ip le  s o f  t h e  c ro  s s ~  s e c t i o n a l  d i a e n s i  o n s .  
Kote that  we a r e  h e r e  d e a l i n g  w i t k  c ros s  s e c t i o n s  w h i c h  
a r e  asyrametric w i t h  r e s p e c t  t o  t h e  a x i s  p a s s i n g  through 
t h e  c e n t e r  o f  g r a v i t y  and that ,  even i n  t 5 i s  ?oint, t h e  
assumptions o f  elementary a e c h a n i c s  a r e  t k e r e f o r e  not  
s t r i c t l y  f u l f i l l e d .  Rowever, s i n c e  the d e v i a t i o n s  f r o m  
symmetry a r e  not  e x c e s s i v e ,  m e  may expect t o  o b t a i n  suf- 
f i c i e n t l y  accu ra t e  r e s u l t s ,  
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C O R D I T I O N S  OR' EQIUILIBRIUM 

The b lade  axis i s  t h e  l i n p  p a s s i n g  through t h e  ten- 
t e r s  of g r a v f t y  of t h e  i n d i v i d u a l  s ec t ions .  I t  may be 
any curve i n  space,  but d e v i a t e s  only a I i t t l e ' f r o r n  a 
. s t r a i g h t  l i n e ,  We shall  e s t a b l i s h  t h i s  curve by tha  f o l -  
lotvgng system of  coord ina te s .  The x a x i s  i s  p laced  i n  
the radial  d i r e c t i o n  so as t o  conform as c l o s o l y  as p o s s i -  
b l e  t o  t h e  b l a b  axiB, t h e  y a x i s  i n  t h e  d i r e c t i o n  o f  
f l i g h t  and t h e  z a x i s  perpondicuXqr t o  both. Tpie pos-  
a i t i v e  d i r e c t i o n s  a r e  so chosen as t o  f o r m  a r ight-hand 
system. The c e n t r i f u g a l  f o r c e  then  actli: ve ry  o l o s e l y  i n  
tho dfr 'ectiorr of t h e  'x axis .  Tho c e n t r i f u g a l  f o r c o  de- 
volopod by R bl&is  oloment of longth As i s  designated 
.by 4C, Tho aerodynamic forcer i s  assuruob t o  act i n  tLo  
yz  p l an0  and i s  r e s o l v e d  i n t o  tho  components py and p z .  
W o  tlzon havo:. 

R R 
- s  and J pz d+ x = f Pg dx - ; a' 

0 0 :  
i n  which S dengtes  the t h r u s t ,  . pd t h e  torque o f  t h e  en- 
g i n e  and a t h e  number of 'blades, 

2wo p r o j e c t i o n s  o f  t h e  b lade  axfs a r e  shown i n  F i g -  
u r e s  1 and 2., The manner of r e s o l u t i o n  then f o l l o w s  d i -  
r e c t l y  f rom the above s ta temeuts ,  e s p e c i a l l y  t h e  j u s t i f i -  
c a t i o n  f o r  d e s i g n a t i n g  the f o r c e s  i n  the  d i r e c t i o n s  y aad 
z as t r a n s v e r s e  f o r c e s .  The cowgonent i n  t h e  d i r e c t i o n  
o f  t h e  b l ade  a x i s  i s  des igna ted  by AS!? and t h e  components 
i n  the directions o f  ths y and z ax05 by AQy and A & , ,  
r e s p e c t i v e l y ,  The magnitudes o f .  t h e s e  f o r c e s  are: 

The c r o s s  s e c t i o n  of  the b l a d g  at t h e  p o i n t  x = x1 i s  
a c t e d  on by the normal f o r c e  

and by t h e  t r a n s v e r s e  f o r c e s :  



U,A.C,A, Technical  Xemorandy No.. 670 5 . . , . ... . .  

The. components ,of . , the  b'ending moment a r e  denoted by 
and Idz8 The bending moment ,My t'ends t o  produce r o t a -  
t i o n  a b o u t  t he  y a x i s ,  I t  i s . , p o s i t i v e  when' the r e s u l t -  
i n g  c u r v a t u r e  o f  t h e  blade a x i s  I s  concave i n  t h e  p o s i t i v e  
z d i r e c t i o n ,  Corredponding s t a t emen t s  apply  " t o  Mz. The 
components o f  t he  bending mgment a r e :  

Idy ,_ 

. I  . .  : 

(4) 

The t o k s i o n a l  moment i s .  due p a T t l y  t o  the  f a c t  t h a t  t h e  
aerodynamic f o r c e  a c t i n g  on a b l ade  element does not pass 
through t h e  cen te r  o f  g r a v i t y ,  S h i f t i n g  t h e  aerodynamic 
f o r c e  toward the  c e n t e r  o f  g r a v i t y  would r e q u i r e  a co r re -  
sponding moment, .which may- be des igna ted  by &)d8 The 
t o r s i o i i a l  moment i s  a l s o  due i n , p a r t  t o  t h e  curvatirre o f  
t h e  b l ade  ax i s .  Hence, 

The last two expres s ions  r e p r e s e n t  t he  components o f  t h e  
bending moments My and M,, i n  t h e  d i r e c t i o n  o f  thg bla,de 
a x i s ,  S ince  t h e  t o r q u e  i s  small  i n  cornsarison wi th  t h e  
bending moment, t h e s e  components Dust be taken  i n t o  con- 
d i d e r a t i o n ,  while t h e  torque components i n  t h e  d i r e c t i o n  
o f  t h e  bending moment may be d i s r ega rded ,  

.. 

The bending moments a r e  t h e  ijlost important  i n  t h e  
s t r e n g t h  i n v e s t i g a t i o n  and must be  reso lved  i n  t h e  d i r cc -  
t i o n  o f  t h e  p r i n c i p a l  c r o s s - s e c t i o n a l  axes ,  The deterrai- 
n a t i o n  o f  t h e  p r i n c i p a l  axes i s  q u i t e  troublesome. F o r  
p rac t i ' ca l  p u r p o s e s . i t ' s u f f i c e s  t o  t ake  one d i r e c t i o n  par -  
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a l l e l  t o  t h e  blade chord and t h e  o t h e r  pe rpend icu la r  t o  i t .  
The comparison of t h e  computed p r i n c i p a l  d i r e c t i o n s  f o r  
s e v e r a l  b l a d e  s e c t i o n s  wi th  the  assuued ones y i e l d e d  a d i f -  
f e r e n c e  o f  only about t w o  degrees1 orhFch i s  o f  no p a c t i -  
c a l  importance. There i s  n a t u r a l l y  no o b j e c t i o n  t o  u s i n g  
t h e  a c t u a l  pr inc ipa l .  axes  i n  t h e  f u r t h e r  c o n s i d e r a t i o n  o f  
the‘ s u b j e c t .  They w i l l  be des igna ted  by I and 11, as i n  
l?igurB 3. The angle  formed by t h e  p r o j e c t i o n  of a x i s  1 
w i t h  t h e  I, a x i s  m i l l  be des igna ted  by a. This angle  
i s  c a l l e d  t h e  p i t c h  ang le  and  i s  def ined  by t h e  express ion  
t a n  a = H/2nr, where E i s  the  p i t c h  of t h e  p r o p e l l e r ,  I ,  

and M, i n .  t h e  d i r ech ion  b f  ‘th.6 p r i n c i -  On r e s o l v i n g  
pal  axes I and I ,  we o b t a i n :  “3; 

M I  = My c o s  ct + Id, s i n  a 

The e l a s t i c  cu rva tu res  thus produced a r e  d e s i g n a t e d  by 
kI nnd k11 corresponding t o  t h e  i n e r t i a  moments JI 
and- J11i and we then  have: . 

kI -- 

I k1I - 

(7)  

If 9 deno tes  the  ang le  o f  e l a s t i c  d i s t o r t i o n  o f  the  b l a d e  
and Jd t h e  t o r s i o n a l  s t r e n g t h ,  t h e  torque  w i l l  be given 
by t h e  expres s ion  

The c u r v a t u r e s  k and t h e  torque  9 here  r e p r e s e n t  s i m -  
p l e  e l a s t i c  deformations,  which must be expressed by the 
coord ina te s  of  t he  b lade .  Eeilce t 4 e  c o o r d i n a t e s  must be 
d iv ided ,  on the  one hand, i n t o  t h o s e  r e p r e s e n t i n g  tLe 0- 
r i g i n a l  shape and, on t h e  o the r  hand, i n t o  t h o s e  repre-  
s e n t i n g  t h e  e l a s t i c  deformatioss .  The s’np.pe of the  un- 
s t r e s s e d  blade a x i s  is denoted b:? tke  coord ina te s  

xo3 Yo, 20 and a, 

and t h e  corregponding e l a s t i c  deformations b y ,  &, q, , 
I .  . .  . .) .. . .d 

, I  

. I  
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and 9. The v a r i a t i o n  i n  the  l e n g t h  of t h e  'blade i s  es- 
s e n t i a l l y .  r ep resen ted  by t and i s  so.srnal1 Wiat k t  may 
be d is regarded .  ' 

, . .  

The f i n a l  c o o r d i n a t e s  of a p o i n t  on t h e  b l ade  axis  i n  
the s t r e s s e d  cond i t ion  are the ' re fore  ** 

x = xo,  y = yo + q, z = z o  + p and a = cto + 9. 

The e l a s t i c  c u r v a t u r e s  kI and k11, expressed  by t h e s e  
c o o r  d i n a t  e s , ar e : 

kII= - -- d2 rl s i n ( a o  4- + 9 cos (ao  + 9) = 3 . 
ax? ax 2 E J I I  

I n  equat ioirs  (7) and (8), t he  q u a n t i t i e s  MI and Id11 a r e  
expressed by 1.iY and XZ. BY i n t r o d u c i n g  t a e s e  vtt lues,  
we o b t a i n  

kI  = 

L - 

%I= s i n ( %  + 9) + dx2 cos(ao  -t a) = - 
ax2 

1dY s i n ( a o  + 9) M, cos(cto + 9) - + ---I- 
. . .  E JII  E JII 

To t h e s e  w e  must a l s o  add t h e  equat ion:  

-II_ 

dx 0 Jd 

For convenience the v a l u e  o f  Md i s  not w r i t t e n  out i n  
'equat ion (a), The moments My-. and M, a r e  expressed i n  
equa t ions  (4) and (5) by the  c o o r d i n a t e s  of t h e  b l a d e  a x i s  
and by t h e  f o r c e s  a c t i n g  on the  blade.  I f ,  on $he one 
hand, t h e  coord ina te s  y and z in t h e  equa t ions  a r e  d i -  
v ided ,  as mentioned above, i n t o  the components g, and z o  

, I .  . 
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which determine t h e  o r ig ina l  f o r m  an&’¶ b h  t h e  o t h e r  Land, 
into t h e  components q and ’( which d‘enote t h e  e l a s t i c  
deformat ions ,  equa t ions  (4) and ( 5 )  then become 

R 

These v a l u e s  must be in t roduced  i n t o  equat ions  (10) t o  
(12), i n  o rde r  t o  o b t a i n  the  c o n d i t i o n a l  e q u a t i o n s  f o r  the 
e l a s t i c  deformations i n  t e r a s  of t h e  blade f o r m  and o f  t he  
a c t i n g  f o r c e s .  In equa t ions  (13) and (14) t h e  f i r s t  t n o  
i n t e g r a l s  r ep resen t  t h e  moments which w o u l d  be produced by 
t h e  f o r c e s  a c t i n g  on t h e  unbent b lade .  These can be c a l -  
c u l a t e d  d i r e c t l y .  The l a s t  i n t e g r a l s  i n  t h e  equa t ions  f o r  
2.4~ axld I~fz con ta in  the change i n  t h e  moments due t o  t he  
change i n  t h e  shape of t h e  whole b l ade  under s t r e s s  and! 
t he  consequent v a r i a t i o n  i n  the  F o i n t s  of a p p l i c a t i o n  of 
Glie forces. The n a t u r e  and inagnitude of these deforma- 
t i o n s  can be r e p r e s e n t e d  by exponent ia l  s e r i e s  and w r i t e  
t he e q r  e s si on s : 

q = a. + a l x  + a2x2 + a3x3 + ...... 
f = bo + b l x  + b2X2 + b3X3 f .*...* 
a =  co 4- c1x + e 2 9  I- c3x3 + ...*.. 

We c a l c u l a t e  w i t h  t h e s e  exbres s ions  as if they  mere knomii 
q u a n t i t i e s ,  l e a v i n g  t h e  cons t an t s  a, b ,  and c t o  be sub- 
sequent ly  determined ‘80 that the  a c t u a l  deformations w i l l  
be r e p r e s e n t e d  as a c c u r a t e l y  a . ~  p o s s i b l e  by t h e s e  s e r i e s .  
If ye in t roduce  t h e s e  s e r i e s  i n t o  equat ions  (10) t o  (14)~ 
we can c a l c u l a t e  a l l  unkaom q u a n t i t i e s  as f u n c t i o n s  of a ,  
b ,  and c. If we conputo guiner ical ly  the  q u a n t i t i e s  i n  
t h e s e  equa t ions  f o r  any values o f  x ,  we o b t a i n ,  f o r  each 
va lue  o f  x, t h r e e  equa t ions  i n  which on12 t h e  q u a n t i t i e s  
a, b ,  and c occur as unknomns. I f ,  f o r  example, we w2sh 
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t o  cons ide r  t he  f i r s t . t ' h r e e  terms bf ea&' s i e s ,  me mu.r4t 
compute equa t ions  (10) t o  (14) f o r  t h r e e  v a l u e s  o f  x and 
thus o b t a i n  ,nf.ne SeqnatL'ons f o r  t h e  n ine  unknowns. I n  t h i s  
g e n e r a l  f o r m  the s o l u t i o n  would s t i l l  be v e r y  troublesome, 
because a l l  the  unknawns occur . i n  every 'equat ion,  This 
d i f f i c u l t y  i s  remedied as f o l l o w s ,  We f i r s t  assume that  
9 = 0,  l e a v i n g  o n l y  a, i n  the angular  f u n c t i o n s ,  i.e.,  
t h e  o r i g i n a l  t w i s t .  Furthermore,  we p u t  k I I  = 0. This i s  
j u s t f f i e d  by the  f a c t  tha t ,  i n  p r o p e l l e r  s e c t i o n s ,  t h e  in-  
e r t i a  moment JII is' always much l a r g e r  t han  Ji. It 
w i l l  a3pear  l a t e r  t h a t  both 9 and kII a r e  a c t u a l l y  so  
small that they can be pu t  equal  t o  z e r o  i n  the f i r s t  ap- 
proximation. Equat ian (11) then  becomes 

On m u l t i p l y i n g  this equat ion  by s f n  a. and s u b t r a c t i n g  
i t  f r o m  equat ion  (10) m u l t i p l i e d  by c o s  ao, i n  which 
l i k e w i s e  8 = 0, we o b t a i n  . . .  

The only p t h e r  q u a n t i t y  now appear ing  on t h e  l e f t  s i d e  i s  
the seco.nd d i f f e r e n t i a l  c o e f f i c i e n t  of T. The r i g h t  s i d e ,  
hovever,  c o n t a i n s ,  i n  a d d i t i o n  t o  T), as f o l l o w s  f r o m  
equat ion  ( 5 ) ,  a lso  f: i n -  MZ. By assuming kII = 0, w.e 
can a l so .  express  f: as  a f u n c t i o n  of q a n d . t h e r e f o r e  by 
a. Equat ion (1.5) t h e n  y i e l d s  

As. a l r e a d y  expla ined ,  a. i s  t h e  p i t c h  angle  and conse- 
quen t ly ,  

3 '  t a n  a = TT X. 

F o r  most  p r o p e l l e r s  t h e  p i t c h  H i s  approximately c o n s t a n t  
over t he  whole b lade ,  Where cons ide rab le  d e v i a t i o n s  occur ,  
t a n  a should be expressed  approximately by a correspond- 
i n g  f u n c t i o n  ' o ' f "x '  and the  procedure  should then  b e  e x a c t -  
ly as follows: . .  



F o r  rl we developed the ek jpess ion  

,TI= + a lx  + a2x2 + a3x3 + ....... 
%e can i - b e d i a t a l y  put 
may be regarded  as f i x e d  at  the hu3, so t h a t  q and dq/ 
dx 'mus t 'vanish  f o r  x = 0. Hencp, 

a. = al = 0, because €he blade 

By i n t r o d u c i n g  t h i s  v a l u e  i n t o  equa t ion  (l?), we o b t a i n  

H 3 = ( 2  a2 + . a3x + 1 2  a4x2 + 20 a5x3 + ...) 
dx 2 n x  

can now be computed by i n t e g r a t i o n ,  

= (2 a2 lu x 4 6 agx $. 6 a4x2 + 
ax 

H 
3 2n -+ 29 a5x3 -+ .....) - + C, 

d(/dx must equal  ze ro  f o r  x = 0,  which is p o s s f b l e  on ly  
when a2 = C l  = 0, By another  i n t e g r a t i o n ,  we ob ta in  . .  

Now a l l  t2ie q u a n t i t i e s  In &qua t i an  (16) can be ' .expressed by 
q. From t h i s  equat ion  we then c a l c u l a t e  an approximate 
va lue  f o r  q and s imul taneous ly  a l s o  f o r  5 .  We can then  
compute a l l  the bending mornents, A t  f i r s t  t h e s e  va lues  
a r e  only approximate, In t he  numerical  example, honever,  
i t  m i l l  b e  found tha t  t h e  assumptions kI1 = 0 and 4 = 0 
are s o  a c c u r a t e l y  f u l f i l l e d ,  that t h e  va lues  c a l c u l a t e d  O i l  
t h e  basis of t h i s  assumption may be regarded  as f i n a l ,  
Should t h i s  be o therwise  iil p a r t i c u l a r  i n s t a n c e s , '  t he  val-  
ues may be  co r rec t ed  by i n t r o d u c i n g  the  c a l c u l a t e d  approx- 
imate v a l u e s  9 and kII and making the  c a l c u l a t i o n  again.  

Hence t h e  problem i s  t o  determine t h e  c o n s t a n t s  a 
o f  t h e  s e r i e s  d '  

i n  such a way that equa t ion  (16) is s a t i s f i e d  f o r  as many 
va lues  o f  x as t h e r e  a r e  terms i n  the  s e r i e s  f o r  q. 
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We break o f f  t h e  s e r i e s  f o r  q w i t h . t h e  t h i r d  term and 
f i n d ,  as the f i r s t  c o n d i t i o n ,  that  a l l  moments become ze ro  
a t  the b lade  t i p ,  i n c l u d i n g  also t h e  c u r v a t u r e  d2q/dx2. 
The o t h e r  two c o n d i t i o n s  a r e  determined as f o l l o w s ,  If 
an assumed func t ion  i s  c o r r e c t ,  and t h e  bending moments on 
t h e  r i g h t  s i d e  of equa t ion  (16)  a r e  c a l c u l a t e d ,  t hese  bend- 
i n g  moments n e c e s s i t a t e  c e r t a i n  d e f i n i t e  d e f l e c t i o n s .  . If 
t h e s e  a r e  c a l c u l a t e d ,  they  must equal  t h e  assumed * v g I v e s  
o f  q at every p o i n t ,  This c o n d i t i o n  cannot be rea3:zed 
at a l l  p o i n t s ,  but at as many p o i n t s  as t h e r e  a r e  t e r v s  
i n  t h e  s e r i e s .  S ince  we have n o t  y e t  had ove r , two  con- 
s t a n t s ,  me can s a t i s f y  th i s  c o n d i t i o n  f o r  on ly  t w o  p o i n t s .  
Wc a r b i t r a r i l y  s t i p u l a t e  t h a t  t h e  d e f l e c t i o n  a t  t he  b l ade  
t i p  and f o r  T = 0.6 R s h a l l  %e t h e  c o r r e c t  one. We have 
then r e p r e s e n t e d  t h e  d e f l e c t i o n  by an a2proximate f u n c t i o n  
which a g r e e s  with t h e  a c t u a l  bending l i n e  under  the  fo’ l lonr -  
i n g  cond i t ions .  A t  t h e  hub i t  i s  f i x e d ,  wh i l e  i t  has t h e  
c o r r e c t  d e f l e c t i o n  for: x = 0.6., A t  t h e  b l ade  t i p  i t  has 
t h e  c o r r e c t  d e f l e c t i o n  and the  c o r r e c t  cu rva tu re .  It may 
be assumed that such a f u n c t i o n , ‘ w h i c h  s a t i s f i e s  f i v e  
boundary cond i t ions ,  w i l l  not d e v i a t e  g r e a t l y  f r o m  the  cor- 
r e c t  curve. A s  c o n d i t i o n s  f o r  t h e  las t  t w o  c o n s t a n t s ,  i t  
w a s  s t i p u l a t e d  that t h e  d e f l e c t i o n s  and not t h e  cu rva tu re  
should ag ree  a t  t w o  p o i n t s ,  If t h e  cu rva tu re  had been 
chosen, then  t w o  c o n d i t i o n s  € o r  the c o n s t a n t s  w o u l d  have 
been obtained.  The r e s u l t  would s t i l l  .have been very in- 
a c c u r a t e ,  p r i n c i p a l l y  due t o  t h e  f a c t  t ha t ,  on t h e  r i g h t  
s i d e ,  only tho i n e r t i a  moments were in t roducod at tke  t w o  
p l a c e s ,  A s  a r e s u l t  o f  the  double  i n t e g r a t i o n  of M/EJ, 
however, t h e  magnitudes o f  t h o  i n e r t i a  moments and c r o s s  
s e c t i o n s  were i n d i r e c t l y  taken inCo c o n s i d e r a t i o n  at  a l l  
p o i n t s  by means o f  t h o  d e f l e c t i o n s .  

NUIdERI CAL EXAMPLE 

The p r o c e s s  o f  c a l c u l a t i o n  w i l l  be i l l u s t r a t e d  by an 
example, t a k i n g  the p r o p e l l e r  desc r ibed  i n  t h e  in t roduc-  
t i o n ,  It w i l l  be found that t h e  s t r e s s e s  i n  f l i g h t ,  espe- 
c i a l l y  at h i g h  speeds and t h e r e f o r e  at low th rus t ,  a r e  
cons ide rab ly  g r e a t e r  t han  a t  t h e  same r e v o l u t i o n  speed on 
t h e  s t and ,  The p r o p e l l e r  used i n  t h e  t e s t s  w a s  o f  t h i s  
type  w i t h  a diameter D = 2.45 m (8.04 f t . )  and a p i t c h  
a = 1.15 m (3.77 f t , ) .  I t  w a s  t e s t e d  on t h e  s tand  at 1450 
rep.m. and y i e lded  a thrust of 325 kg (‘716.5 lb.) wi th  an 
engine to rque  o f  43: .m-kg (340 1b . - f t , ) . .  .The s t ress ,es  were 
determined under t h e s e  cond i t ions ,  The p r o p e l l e r  w a s ’  run 
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at a speed of 1700 r.p,m, on t h e  s t and  w i t h o u t  i n ju ry .  

The p rope l l e r -b l ade  s e c t i o n s  were 10 cm (3,94 in.)  
a p a r t .  I n  F i g u r e ' 4  t h e  c rossAsec t iona l  a r e a  i s  p l o t t e d  
a g a i n s t  t h e  radius. The cog.  of each measured s e c t i o n  was 
found and t b e ' c o o r d i n a t e s  yo a,nd z o  of t h e  b lade  axis 
were determined, The blad-e-axis curves  a r e  shown i n  Fig- 
u r e  50 F i g u r e s  6 a  and 6 b  show, r e s p e c t f v e l y ,  t h e  sine. and 
cos ine  o f  the angle  made by the  b lade-sec t ion  chord w i t h  
t he  p l ane  of t h e  p r o p e l l e r .  F i g u r e s . ?  and 8 show, re- 
s p e c t i v e l y ,  t he  i n e r t i a  moments JI and JII  at each p o i n t  
o f  t h e  b l ade  (J1.1 on t e n  t imes t h e  scale o f ,  JI),' All 
t h e s e  q u a n t i t i e s  a r e  p l o t t e d  a g a i n s t  t h e  nondimensianal 
a b s c i s s a  = x/R, where x r e p r e s e n t s  t h e  d i s t a n c e  of 
a c r o s s  s e c t i o n  f r o m  t h e  c e n t e r  of the hub. 

s u b s t i t u t i . o a  = x/R a r e  in t roduced  f o r  T) and wi*!h 
c o n s i d e r a t i o n  o f  equa t ions  (13) and (14), t a k e s  t h e  f o r i n  

. .. 

l q u a t i o n  (16), when the  above-given s e r i e s  and the 

g =1 
- sins 'Os f Ac c0.55 R2a3( r - [ , " )+  

E - J I  'E , . 
. . .  

f-0,366 R3 a4 ( g3- El3  )+O .3O5 R" a5 ( g" - t,"') 3 d k ' (18,) . . 
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I n  ordor  t o  datermine the d e f l e c t i o n  i t  
sa ry  t o  i n t e g r a t e  tw ice ,  whereby i t  mus , 
t h a t  a and J a r e  f u n c t i o n s  o f  6 .  All t h e  terms on 
t h e  righ.t s i d g  can n.ow be ,coinput.ed. Fowever., t h e  i n t e g r a -  
t i o n s  cannot  a 2 1  be computed s i n c e  a, J and the  c e n t r i f -  
uga l  for,ce at each po.int  ars not  a11 gfyen in .  terms, of , ’ t ,  
but  t a k e  a course which can be determined only by measure- 
ments. AZ1 t hese  s x p r e s s i o n s  a r e  t h e r e f o r e  obta ined  by 
sumnation. The d i s t r i b u t i o n  of  t h e  aerodynamic f o r c e s  i s  
approximately known. For t h e  s t reng. th  c a l b u l a t i o n ,  i t  
s u f f i c e s  t o  approximate them by a simple f u n c t i o n .  For 
example, t h e  component f o r c e s  whicb produce. t h e  t h r u s t ,  
may be assumed t o  have a d i s t r , i b u t i o n  whic.h i s  approxi- 
mately r e p r e s e n t e d  by t h e  f u n c t i o n  

The c o n s t a n t  k . m u s t  be s o  dotermined tha t  t h e  s i l m  over 
a l l  t h e  b l a d e s  w i l l  g i v e  t h e i r  t o t a l  thrust .  I t  must 
therefore be 

whero a i s  t h e  f l u i d  c o e f f i c i e n t ,  whence 

1 6  S 
a n R  k =  

The benaing moment due t o  t h o  thrust  i s  t h e r o f o r e  e a s i l y  
c a l c u l a t e d .  A t  t h e  p o i n t  [ = . i t  i s  

A T t e r  i n t e g r a t i n g  and aga in  r e p l a c i n g  6, by e ,  we ob- 
t a i n  

Hence the’moment e x e r t e d  by the thp’ust i s  



' a , .  

- .  
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i n  which t h e  bracketpd p o r t i o n  of t 'ne 'preced.ing f o r m u l a  i s  
r ep laced  by 

.. 
, ., , 

f ( E ) .  -&This f u n c t i o n  has the  va lues :  

E = 0 O m 1  O e 2  0.3 .Os6 . O m 5  0.6 ' O m 7  

f (&)=0,133 0.114 0,094 0.075 0.057 0,040'0,0255 0,0139 

: t = 0.8 0.9 ' 1.0 . ,  

f c t )  = 0.0056 0.0011 0 

The aerodynamic compoaent a c t i n g  i n  the  p l ane  of t h e  pro- 
p e l l e r  d i s k  i s  r e p r e s e n t e d  a c c u r a t e l y  enough by t h e  func- 
t i o n  

Be = k, t Ji--kz 
, so that  t b e  t o t a l  mazmnt exe r t ed  

by p z  i s  equal  t o  e measured o r  c a l c u l a t e d  engine 
W e  again  determine 

torque.  

Hence 
Mm 16 k, = 
R~ TT a 

Then t h e  bending moment dvae t o  t h i s  aerodynamic component 
a t  any p o i n t  k 1  i s  

For a b b r e v i a t i o n  the bracke ted  p o r t i o n  i s  r e p l a c e d  by 
q ( k ) .  I t  has the  fo l lowing  values:  
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g(&) =.0 .0167 '  0,0044 0,0014 0 

T i t i  t hkse  t h e  bending xpoments due t o  t h e  aerodynamic. 
f o r c e s  a r e  determined, Their cu rves  a r e  p l o t t e d  i n  Fig- 
ures 9 and LO. We now have t o  de te rmine  t h e  moments due 
t o  "the %ent*r i fuga l  fo'rce and f i r s t  t'hose' due' t o  t he  o r i g -  
i n a l  cu rva tu re .  These bending moments a r e  r ep resen ted  
by t h e  express ions :  

* .  

e =I . .  [=I ' 

& = E 1  & = s  1 
C @ ( Y O  - Y O ~ ) A [  and C, f$ ( ~ 0 . -  z o i ) A t  

The q u a n t i t i e s  yo, - ';rl and . zo  - z1 can be r ead  f r o m  
Figure  5 f o r  any va lue  of &. 

, If we imagine t h e  blacrHe e i v i d e d  p e r p e n d i c u l a r l y  t o  t h e  
. [ a x i s  i n t o '  a isks  o f  t h e  t h i c k n e s s  1 cm = A t ,  then t h e  
c e n t r i f u g a l  f o r c e  p e r  -&Fit l o n g t h  i s  AC/RAg.  

. ,  
The. s p e c i f i c  grav'ity o f  t,he wood i s  assuaed t o  be 0.8 o r  
800 kg/m3 (28 o r  28250 cu.f t . ) .  B t " 1 4 5 0  r.p,ma O2 = 
23000. Zn order  t o  b-btain A C / A [ ,  we must t h e r e f o r e  mul- 
t i p l y  athe curve; which i h d i c a t e s  t h e  c ros s - sec t iona l  a r e a ,  
by t h e  f a c t o r  

This c e n t r i f u g a l  f o r c e  p e r  u n i t  . l e n g t h  o f  t h e  blade i s  p l o t -  
t e d  i n  Figure 11. For t h e  c a l c u l a t i o n ,  t h e  b lade  i s  d i -  
v ided  i n t a  se,ctions b en p l a n e s  pexpendicvlar  t o  t.he 4 
axis at i n t e r v a l s  o f  = 0.1. lp or.der t o  determine t h e  
c e n t r i f u g d  f o r c e  o f  every ,sucL g o r t x o s ,  we nu 

r e a  of. th.e curve. /RAE,*  .in Rigu 
.:conceive of sgch a Ear- 

r a s e e o i d ,  ds shomn i n  
of t h i s '  c e n t r i f u g a l  



1 6  W.A, C.,A. Tec3ufc.al Ilemorandum. Eo'.. 617'0 

f o r c e  t o  t h e  b lade  then  l i g g - a t  t h e .  va lue  -sf 6 whlck cor-  
respbnds t o  tBe c.g.'of t h i s  s u r f a c e  s t r i p .  In. wlpt f o l -  
lows, h o w e g s r ,  . i t  .cgavenient  t o   resolve^ thfs  f o r c e  
i n ' s u e h  a. way'tha a i i  t h e  comgonents are a p p l i e d  at 

= 0.1, 0.2, e t c .  This r e s o l u t i o n  c a n - a e  made by apply- 
i n g  half of the a r e a  6f the ha tched  r e c t a n g l e  i n  Bigure 
11 t o  each of the.t.wo poi i l ts .  t ,  and 4 4- T 6 ,  and 2 /3  o f  
t h e  a r e a  of the  t r i a n g l e  t o  one p o i n t  and t h e  remaining 
1 /3  t o  t h e  o the r  p o i n t .  The c e n t r i f u g a l  f o r c e s  f o r  a l l  
t h e  b l ade  elements we , t ; X i ~ s ,  determined. 

I, J. 

= 0 . 0 , 1  0.2 0:3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

56. 358 769 1081 1207 1225 1216 1140 949 602 110 

For  de te rmining ,  a t  the  p o i n t  E ,  t h e  bending moment due 
t o  t h e s e  f o r c e s ,  w e  have t h e  express ion:  . .  

The s imples t  way t o  so lve  such an expres s ion  2 s  by u s i n g  
t h e  f o r m u l a ,  

Ayon and Azon are t o  be taken d i r e c t l y  f r o m  F igure  5 ,  
where t h e  o r i g i n a l  b l ade  f o r m  i s  p l o t t e d .  The moments 

aqd Mcz0 thus obta ined  a r e  p l o t t e d  i n  F igu res  1 2  
and 13. 
r i g h t  s i d e  o f  equa t ion  (18) ,  namely, t h o  express ion:  

MCyo 
We a r e  now i n  p o s i t i o n  t o  solve a p o r t i o n  of t h e  

. .  

The % r a c k e t e d  e x p r e s s i o n s  have a l r e a d y  been solved and 
r e p r e s e n t  .the bending moments-due t o  the  a c t i o n  o f  t h e .  
aerodynamic and c e n t r i f u g a l  f o r c e s  on t h e  unbent blade,  :-.: ' 

The angle  a and t h e  i n e r t i a  noment 'J a r e  measured.at  
each p o i n t ,  E = 100000 kg/cma '(1420000 Ib,/sq.fn,) w a s  
adopted as the  e l a s t i c i t y  modulus of wood. This whole ex- 
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p r e s s i o n , h a s  t o  ,be  i n t e  r a t e d  t w i c e ,  i n  o rde r  t o  o b t a i n  
t h e  d e f l e c t i o n ,  whi ch u l d  be produced. by’ t h e  bracke ted  
moments. A double i n t e g r a t i o n  i s  equ iva len t ,  howeve’r, t o  
t h e  p roduc t ion  of a moment accord ing  t o  Miohrts theorem. 
The q u a n t i t y  r e p r e s e n t e d ’ b y  the above .expres s ion  may the re -  
f o r e  be taken  as t h e  l o a d  a p p l i e d  t o  a b lade ,  f r o m  which 
t h e  bendi.ng moment can  be c a l c u l a t e d .  he e v a l u a t i o n  can 
be made exac t , ly  as i n  t h e  above..determi a t i o n  o f  t h e  bend- 
i n g  moments, The r e s u l t  i s  p l o t t e d  i h  i g u r e  14. The 
q u a n t i t y ,  c a l c u l a t e d  ‘as a bending moment, i s  des igna ted  
by r0 and r e p r e s e n t s  t h e  d e f l e c t i o n  produced by t h e  
above-caiculated moments, when tile moaants  remain cons t an t  
du r ing  t h e  deformation. .$he t w o  s t i l l - u n s o l v e d  expres s ions  
i n  equat ion  (18) 

and f % c0.55 R“ .,(E2- E,”) +0 ,366‘R3  [l) 3- At; 

r e p r e s e n t  only t h e  moments which a r e  f i r s t  produced by t h e  
e l a s t i c  deformation and which over lap  t h e ’  above-calculate& 
moments. 

<.  . .  . 
We w i l l  now con t inue  w i t h  t h e  terms c a n t a i h i n g  t h e  

cons t an t  a3. On e x t r a c t i n g  t h e s e  terms we o b t a i n ‘ t h e  t w o  
express i  011s: 

0.55 a3 R2 f ( E 2  - ti”) 

0 ~ 1 s  kilown q u a n t i t i e s  s t a n d  under t h e  i n t e  a t i o n  sign. 
These can t h e r e f o k s  be c a l c u l a t e d  by summation f o r  any de- 
s$red va lue  o f  [%., t h e  c a l c u l a t i o n  being made the saue 
as € o r  the’  prev ious  q u a n t i t i e s , ‘  as 

bc (Yo - I  Y O l )  d E,. - E 
B o t h  i n t e g r a l s  r e p r e s e n t  f u n c t i o n s  of tl, which can be 
d i r e c t l y  computed and which we w i l l . .  r e p r e s e p t  by 
and $ ( E ) .  a3 CQ(~) and 0.55 a3 * ( E )  then r e p r e s e n t  t h e  
bending mornents produced when t h e  blade i s  ben t  i n t o  t h e  

c p ( [ )  
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f o r m .  q = ag e3.. By intrg.d,uc,&ng.. t h e s e  q u a n t i t i e s  inbo 
equat ion  (18) we ob.t.gin .. .. . .. 

as the .eoqponent  of t h e  bend produced by t h e s e  moraents. 
Again cons ide r ing  the bracke ted  e x p r e s d  on as t h e  load  and 
having  determined t h e  bending moment, t he  l a t t e r  i s  squiv-  
a l e n t  i n  magnitude t o  t h e  d e f l e c t i o n  produced by t h e  mo- 
ments rs( [ )  and 0.55 $([) i n  the  y d i r e c t i o n ,  This 
d e f l e c t i o n  i s  d e s i g n a t e d  by q3* The procedure  i s  the 
scri0 w i t h  t h e  terms , a4 and a5, and t h e  corresponding 
d e f l e c t i o n s  a r e  r e p r e s e n t e d  by q4 and 775. 

All t h e s e  d e f l e c t i o n s  a r e  p l o t t e d  i n  F igu re  15 o n  a 
magnif ied s c a l e  of 1OOO:l. The t o t a l  def lecbio 'h  i s  then  
equal  t o  t h e  sum o f  a11 the  i n d i v i d u a l  d e f l e c t i o n s ,  s o  
that t h e  equat ion  plust be s a t i s f i e d  f0.r every,  p o i n t  [I,. 

5 -  'q = a3 R3 E l 3  3. a4 I?? + as R5 e 1  - 

A s  z l r eady  explained,  we pu t  on the  l e f t  s i d e ,  once 

l.a,t'ed d e f l e c t i o n s  ; qo, q:, q4 and 75 on the  r i g h t  s ide.  
Thus 'we o b t a i n  t w o  equa t ions  f o r  t h e  constant '  a, For 
t h e  t h i r d  equa t ion ,  as a l r eady  mentioned, we choose t h e  
cond i t ion  t h a t ,  at t h e  blade t i p  ( t h a t  i s ,  f o r  e l  = l), 
a l l  inoments equal '  z e ro ,  s o  that  d3q/dt2 must vanish.  
Thus we o b t a i n  the  t h r e e  equat ions :  

=, .0 .6 and once . E l  = 1, whi le  we in t roduce  t h e  calcu-  

1.225Xl + 12 a4 1.22!j2 f 20 a5 1.22E~~ = 0 

1000 ( a3 1. 2253 XO . 63-fa4 1. 221j4 X O  . $. +a, 1, 22B5 X 0. 65 ) = 

=1.4'1343 250,16-a4 254.7-a5 247.6 

1000(a, 1.22fj3+a4 1.2254+a,' 1.225") = 13.126 - 
-a3 854.9-a4 924-a5 1062.6. 

These ' equa t ions  y i e l d ,  for the a c o n s t a n t s  the va lues  



M . A . C . B .  Technical Memorandum No. 670 19 

a3 = -0.017555 

a4 = C0.036033 

a5 = -0.01414 

Hence the total deflection ie 
3 3  e 4  q = a,R e + a,R e + a5R5g5= -0.01755X 1.2253 t 3  + 

+ 0.03603 X 1.225" f 4  - 0.01414 X 1,2255 e 5  
According to equation (17a) 

+ 2 a4 E" R" H 
271 
- 

The quantities q and ( are plotted in figures 16 and 17, 
from which it is obvious that the calculated deflection 5 
is very small as compared with the deflection in the y 
direction. The shape of the propeller, after its defor- 
mation, is now known (fig. 18), and all moments can be 
calculated by equations ( 4 ) .  (5) * and (6). The bending 
moments for a3 = 1, a4 = 1, and a5 = 1 have already 
been calculated, SO that we only need to nultiply them by 
the computed values of a. The moments MI and MII can 
then be readily calculated from the individual expres- 
sions. Likewise the stresses can be directly calculated. 
The results are plotted in figures 19 to 22. The bending 
stresses due to M, were also calculated, though they 
aro s o  small, due to the magnitude of J,, that they 
play no part, all the more since the maximum stresses due 
to  MI^ occur in tho fi'bers where the stresses due to 
MI are almost zero. Since a l l  the quantities are now 
known, the calculation of the shearing stresses can like- 
wise be made as for ordinary beams. Those stresses also 
are not very important. The torsional moment can be read- 
ily calculated from equation (6). It is s o  small, however, 
that it is of hardly any importance. It is plotted in 
figure 23. All those quantities are now calculated on the 
assumption that the curvature iii the direction of the 
greater inertia moment and the elastic distortion of the 
blade are both negligibly small. In order to determine 
how far these conditions are satisfied, we will now cal- 
culate them. since the magnitude of a distortion for any 
given cross section is vary difficult to calculate, every 
cross section is replaced by an inscribed rectangle. The 
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t o r s i o n a l  r i g i d i t y  of  such a b lade  can then  be determined 
accord ing  t o  S t ,  Venant and i s  s u r e l y  l e s s t h a n  t h a t  o f  
t h e  a c t u a l  b l a d e ,  Likewise t h e  modulus o f  s h e w  0 i s  
assumed very  l o w ,  0 =. 8000 kg/cma (113800 l b . / s q . i n . ) .  
Under these  assumpt ions ,  we have, a t  t h e  p r o p e l l e r  t i p ,  a 
t w i s t  o f  9 = 0.00661 o r  abo,ut 0.3O. This rzngle, howov- 
e r ,  i s  w i t h i n  t h e  degree  o f  exper imenta l  accuracy .  The 
t o r s i o n a l  a n g l e  n i g h t  be  somawhat g r e a t e r  f o r  o t h e r  b l ade  
f o r m s .  Neve r the l e s s ,  i t  would h a r d l y  roach v a l u e s  which 
would a f f e c t  %he s t r e n g t h  r e l a t i o n s ,  

In o rde r  t o  t e s t  t h o  o t h e r  assumption k I 1  = 0 ,  we 
w i l l  conpute kI1 and  compare i t  w i t h  k I .  These quan- 
t i t i e s  a r e  c a l c u l a t e d  f o r  a few v a l u e s  o f  [ by forming 
t h o  expres s ions  N I / E J I  and M I x / E J I I ,  

5 k I  %I 
. .  . 

= 0.2 -1667 .O +29.2 . ., 

= 0.4 +a620 -17.4 

. . I  = 0 . 6  +5140 -36 e 8 

I 1  = 0.8 +4430 -20.0 
. . .  

I t  is’ obyious that  k I I  i s  n u c h , s n a l l e r  t han  ~ k1, A t  t h e  
n o s t  unfavora’ble p o i n t  ( [  = 0..4), k I I  = 0.0175 k i ,  I t  
seens p o r f e c t l y a p e r n i s s i b l e ,  however, t o  d i s r o g a r d ’ s u c h  
a s n a l l  quant . i ty .  Th i s  proves t h a t ‘ t h o  a s sunp t ions -  kh = 
0 and  Q = 0 do no& g r e a t l y  i n p a i r  t h e  va lue  of t h e  f i -  
nal r e s u l t ,  s o  t h a t  we nay regard  t h a  c a l c u l a t e d  s t a t i c  
data  as c o r r e c t .  

I t  i s  obvious f r o m  the cour se  o f  t h o  bending noneots  
and  s t r e s s e s  t h a t  t h e  ooments due t o  t he  c e n t r i f u g a l  
f o r c e s  p repondera t e ,  evan a t  t h e  g r e a t  thrust  on t h e  s tand .  
The b lade  i s  bent, backward at t h e  r o o t  even at groat 
t h r u e t .  I t  i s  t h e r e f o r e  o f  i n t e r e s t  t o  know t h e  bending 
rnonents when t h e  th rus t  i s  s n a l l ,  I t  i s  t h e r e f o r e  assumed 
t h a t  t h e  p r o p e l l e r  runs a t  t h e  sane  speed as above (V = 
1450 r.p.a.) when i t  e x e r t s  no  t h rus t  a t  a l l .  T h i s  i s  
a c o n d i t i o n  which can e a s i l y  occur i n  f l y i n g  a t  a l o w  an-  
g l e  o f  a t t a c k ’ a n d  w i t h  t h e  engine t h r o t t l e d ,  If a l l  t h e  
aerodynamic f o r c e s  a r e  p u t  equal  t o  ze ro ,  t h e  c a l c u l a t i o n  
i s  g r e a t l y  s i m p l i f i e d ,  since a l l  t h e  data  r e q u i r e d  t o  

* s o l v e  t h e  e q u a t i o n s  h&ve been p r e v i o u s l y  d e t e r n i n e d .  I t  
i s  only necessa ry  t o  pu t  a l l  expres s ions  invo lv ing  aero-  
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dynamic f o r a F s  Qqual. t o <  zero .  C 
made e x a c t l g  as before .  Sjnce af 
i n t e r e s t ,  only t h e  r e s h l t s  w i l l  be g 
a r e  p l o t t e d  i n  F i g u r e s  24 and 25 and show tha t ,  
b lade  root ; ,  they a r e  cons ide rab ly  g r e a t e r  t han  
v i i u s  cond i t ion ,  where the  aerodynamic f o r c e s . . s  

. i s  a l so  q u i t e  n a t u r a l ,  f o r  eveq i n  t 
c a s e ,  where the. aerodynamic f o r c e s  t e n d e d - t o  bend t h e  I .  . 

p r o p e l l g r  forwaTd, t h e  opposed ' J r e l i e v i n g "  noments, whieh 
a r e  produced by the c e n t r i f u g a l  f o r c e  due t o  t h e  curved 
shape o f  t h e  b lades ,  so  f a r  exceed the  aerodynamic moment, 
that  t h e  r e s u l t i n g  moment i s  even g r e a t e r  t h a n  t h e  moment 
which the aerodynamic f o r c e  a lone  would e x e r t  on a 
s t r a i g h t  b lade ,  I n  normal f l i g h t ,  however, the  aerody- 
narnic f o r c e s  a r e  cons iderablB . sma l l e r  and t h e y  may a l m o s t  
van i sh  when t h e  a i r p l a n e . i s  .i,n a g l i d e .  The aerodynamic 
f-orce then  produces a backwipr.d-bend-ing moment , which i s  

-much g r e a t e r  "tan t h e  aerodynamic f o r c e s  could  prod-uee, 
even i n  t h e  nost  unfavorable  case.  The b l ade  t e n d s  o f  
i t s e l f  t o  assume such a p o s i t i o n  that  the  e f f e c t  i s  min- 
imized. The blade can undergo impor tan t  deformation,  
however, only i n  i t s  o u t e r  p a r t ,  where t h e  cross  s e c t i o n s  
a r e  ,small. Xear t h e  hub no , cons ide rab le  deformation can 
occur ,  u n l e s s  t he  s t r e s s e s  are ve ry  high,.  The c a l c u l a t e d  
s t r e s s e s  never  s u f f i c e ,  however, t o  cause c e r t a i n  f a i l -  
uTe ,  even when they arq jdan.gerously'.high. It must be, , r e -  
meslbered, however, tha t  t h e  c o n d i t i o n s  may become copsid- 
e r a b l y  more unfavorable  rthrough some s m a l l  m a t e r i a l .  de.=- . 
f e c t ,  such as may &be prodxced by t h e  weather ing  o f  a glued 
j o i n t . .  F u r t h e r  cons ide rab le  s t r e s s e s  may be produced 
by even s m a l l  v i b r a t i o n s .  The p r e v i o u s l y  mentioned f a i l -  
u r e s  occur re6  mostly i n  . l a rge  p r o p e l l e r s ,  which were s i m -  
i lar .  i n  shape, however, t o  those  i n v e s t i g a t e d  he re ,  I n  
S Q  far  as known, a l l  t h e  f a i l u r e s  occurred i n  f l i g h t ,  
a t  low t h rus t ,  as might be concluded f r o m  t h e  p r e s e n t  in-  
v e s t i g a t i o n .  The cause  o f  t h e  f a i l u r e s ,  t he re fope ,  w a s  
RroSably excess ive  c u r v a t u r e  of t h e  blades.  

Hence g r e a t  c a u t i o n  must be e f e r c i s e d  i n  t r y i n g  t o  

. 

g ive  a propel le ' r  such a shape .that t h e  aerodynamic f o r o e s  
w i l l  b e  counterba lanced  by t h e  c e n t r i f u g a l  forces.. 
seems p a r t i c u l a r l y  hazardous t o  l e t  t he  b l ade  a x i s  near 
t h e  hub p r o j e c t  t o o  fa r  f r o m  tbe 'plane o f  t h e  propell.ler 
disk.  , The e f f e c t  o f  a f a u l t y  shape i s  n o t  s o  detr imentax 
i n  t h e  o u t e r  p o r t i o n  o f  the b l ade ,  due t o  i t s  f l e x i , b i l i -  
t y ,  which p a r t i a l l y  remedies t h e  d e f e c t .  Xear the  hub, 
however, due t o  t h e  g r e a t  r i g i d i t y ,  no cons ide rab le  .auto- 
aa t ic  adjustment  i s  p o s s i b i e ,  and t h e  moments a r e  -&reat-: 
l y  a f f e c t e d  6y the  o r i g i n a l  design.  I t  i s  impo'ssible t o  

I t  
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e s t a b l i s h  any,.geperal-  r u l e  f h r '  t 6 e  design. 
ever, '  be s a i & . t h a t ,  .in t h e  c a s e . 0 S . a  blade having  a . 
s t r a i g h t  a x i s ,  tlie e l a s t i c  deformation i s  always such 

s. that  €he l o a d  i s .  a c t u a l l y  reduce?..,$$ the  c e n t r i f u g a l  f o r c e ,  
r e g a r d l e s s  of all o t h e r  f o r c e s  a c t i n g  on t h e  p r o p e l l e r .  
This  fa6t w a s  a l s o  dernonstrated,by RePksner. For a curved 
b l ade  t h i s  i s  not  t h e  case. I n  any .event  i t  should be de- 
termined whet;her t he  load. r educ t ion  under .  one rope ra t ing  
condi-t ion does not i n v o l v e  a l.oad. i n c r e a s e  under  another  
a p e r a t i n g  condi t ion .  

The p r o p e l l e r  b l ade  has  thus fa r  been cons idered  a s% 
a t h i n  p l a t e .  This w a s  a ccu ra t e  enough f o r  t h e  q u a n t i t i e s  
h i t h e r t o  c a l c u l a t e d .  This assumption causes  the complete 
d isappearance  o f  &ne f a c t o r ,  which should be cons idered  
i n  many cases .  This i s  the  t o r s i o n a l  moment exe r t ed  on 
t h e  t w i s t e d  blade,'b,y. t h e  l o n g i t u d i n a l  force .  I f ,  f o r  ex- 
ample, we imagine a metal  . s t r i p  t w i s t e d  abou t  i t s  long i tu -  
d i n a l  a x i s  s o  as t o  f o r m  a h e l i c a l  su r f ace ,  and, if t h i s  
s t r i p  i s  then sub3ected t o  l o n g i t u d i n a l  t e n s i o n ,  i t  w i l l  
t end  t o  r e t u r n  t o  i t s  o r i g i n a l  f lat  shape. 
determine t h e s e  morseqts approximately,  each f i b e r  'may be,  
cons idered  as a t w i s t e d  blade.. m'nen t h i s  i s  p u l l e d ,  i t  .> 
rn i lL , tend  t o  un tGis t .  The . loag i tud ina1  st,rsss i n  each fi- 
b e r  i s  known a c c u r a t e l y  exidugh f rorn  t h e  p r e v i o u s  ca l cu la -  
t i on .  Due to- t h e  t w i s t , .  t h e  l o n g i t u d i n a l  d i r e c t i o n  con- 
t i n u a l l y  v a r i e s  a long  t h e  f i b e r .  There 'must t h e r e f o r e  be 
everywhere a component pe rpend icu la r  t o  t he  f i b e r ,  and 
t h i s  produces  a backward tu rn ing  moment. 
l e r s ,  such as those of wood,  this.moment i s  unimportant ,  
b u t  i n  ve ry  t h i n  b l a d e s  i t  may.aisume g r e a t  impor$aice 
and cause cons ide rab le  d i s t o r t i o n .  , For t h e  approximate 
c a l c u l a t i o n  o f  t h i s  t o r s i o n a l  moment i n  a %$in p r o p e l l e r  

"blade,  i t  i s  s u f f i c i e n t  t o  take account  o f  t h e  c e n t r i f u -  
g a l  f o r c e  a lone  (assumed t o  be uniform throughout t he  
c r o s s  sao t ioa) , ,  s i n c e ,  due t o  i t s  s l i g h t  r i g i d i t y ,  t h e  
b l ade  a u t o m a t i c a l l y  t a k e s  such an a t t i t u d e  that  t h e  bend- 
i n g  s t re rsses  a r e  small. If the  ang le  through which a sec- 
t i o n  i s  t w i s t e d  .&th r e s p e c t  t o  t h e  preceding  s e c t i o n  i s  
measured a t  d e f i n i t e  i n t e r v a l s  of  10 cm (3.94 i n . ) ,  f o r  
exampl<e,: t h f s  angle i s  then a c r i t e r i o n  f o r  t h e  bending 
o f ,  t h e  i n d i v i d u a l  f i b e r s .  The comi2onents bf t h e  i n t e r n a l  
f o r c e s ,  .p roducing  t h e  tors ional .  moment, can t h e n  be read- 
i l y  determined f r o m  the  change i n  t h e  d i r e e t i a n  of t h e  
f ibers .  

Various t e s t s  were made i n  o rde r  t o  determine t h e  
def o r n a t i o n  o f  t h o  p r o p e l l e r s  experimental ly .  

I t '  may, how--, 

~n order  t o  

I n  t h i o k  propel -  

* . 
Though a l l  
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t h e s e  t e s t s  were of a r a t h e r  p r i m i t i v e  na tu re , ,  i t  spas 
s t i l l  p o s s i b l e  t o  v e r i f y  the  calcul.atfon w i t h  ons .o f  t h e  
arrangements t e s t e d .  (Figs. 26 and 27.). The whole con- 
tour o f  a b lade  of the  above n a t h e n a t i c c l l y  i n v e s t i g a t e d  
p rope lxe r  w a s  l i i i ed  w i t h  spark gaps by a t t a c h i n g  s t r i p s  
of  t i n  f o i l  2,5 cm (about  an i nch )  long. One end o f  t h i s  
condxctor m a s  cox tec t ed  w i t h  a condenser by means of  a 
sXip r i n g  w i t h  b rushes ,  while t h e  o t h e r  end q s q s i s t e d  o f  
a o o i n t  which passed a s t a t i o n a r y . p o i n t  once dus2ng every  
r e v o l u t i o n  at  a a t s t a n c e  of about  2 mm (0.08. i n , ) ,  t he  
l a t t e r  p o i n t  3eing connected w i t h  tlie oppos i t e  po le  o f  
t h e  condenser. T h e  energy w a s  s o  a d j u s t e d  that  a spark.  
could p a s s  only when the  r evo lv ing  g o i n t  w a s  e x a c t l y  oppo- 
s i t e  t h e  s t a t i o n a r y  p o i n t .  The condenser w a s  cbarged by 
an i n d u c t i o n  c o i l  opera ted  by an a l t e r n a t i n g  cu r ren t .  

' F i r s t ,  .in ord-er t o  determine t h e  shape of t he  propel -  
l e r  f n  t h e  u n s t r e s s e d  cond i t ion ,  t h e  b1aQ.e w a s  turned t o  
tLe i > o s i t i o n + s h @ r e  t h e  spark could  pass .  A photographic  
camera w a s  then mounted i n  t h e  p l ane  of t h e  p r o p e l l e r  
d i s k  i n  such a may tha t  the  a x i s  of the  l e n s  w a s  approxi- 
mately pe rpend icu la r  t o  the  a x i s  9f t he  , p r o p e l l e r  b lade ,  
an6 a, spark  m a s  d i scha rged  through the  spark gaps and 
was photographed. The camera w a s  then l e $ %  I n  the  same 
p o s i t i o n ,  while  t h e  p r o p e l l e r  mas made t o  revo lve .  A t  
1450 r.p.m. another  spark  w a s  photographed on t h e  same 
p l n t e .  I n  order  t o  make sure  t h e  camera had no t  moved, 
spcrk  gaps were a l s o  arranged a t  t w o  s t a t i o n a r y  Foin ts .  
In t h i s  way Figure  28 w a s  obta ined ,  The d e f l e c t i o n  can 
thus be determined w i t h  g rea t  accuracy. A t w i s t i n g  of 
t h e  b l ade ,  which w o u l d  be i n d i c a t e d  by changes i n  the  dis-  
t a n c e s  between t'ne spa rks  on t h e  l e a d i n g  edge and t h o s o  
on t h e  t r i t i l i i i g  edge while  t h e  p r o p e l l e r  is revolv ing ,  as 
compared w i t h  the  d i s t a n c e s  between t h e  same sparks  when 
t h e  s r o p e l l e r  i s  at  r e s t ,  can indeed  be d e t e c t e d ,  but i t  
i s  s o  small that i t  cannot be a c c u r a t e l y  measured. A 
t w i s t  o f  one degree would cause a r e l a t i v e  displacement  
o f  t h e  o o i n t s  o f  1.5 t o  2.5 mm (0.06 t o  0.1 in . )  accord-- 
i n g  t o  t h e  w i d t h  02 t he  blade at t h e  p o i n t  i n v e s t i g a t e d ,  
The d e f l e c t i o n  i s  r e a d i l y  recognized ,  however, and a g r e e s  
ne11 w i t h  t h e  above c a l c u l a t i o n .  A t  t h e  b l a h e  t i p  t h e  
measured d e f l e c t i o n  i s  10.6 mm (0.42 in . ) ,  and t 'ae calcn- 
l a t e d  d e f l e c t i o n  i s  9.7 mm (0.38 i n . ) ,  The gene ra l  char- 
a c t e r  o f  t h e  measured d e f l e c t i o n  ag rees  we l l  w i t h  the cal- 
c u l a t e d  d e f l e c t i o n .  Even t h e  n s g a t i v o  d e f l e c t i o n  near  
t h e  hub i s  recognizable .  In o r d e r  t o  t e s t  t h e  accuracy 
o f  t h i s  method o f  ueasu r ing ,  t k e  sparks mere photographod 
w i t h  t 5 e  p r o p e l l e r  at r e s t .  Tho blctdo nas t h e n  d i s t o r t e d ,  
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and t h e  def loCtion @a's d'ccurafely measured. at  s e v e r a l  
p o i n t s ,  Then another  photograph w a d  taken and evalu@ted,  
I t  w a s  tEus found tha t  dsformet ions  of 0.5 mm (0,02 i n , )  
cou1"d be determined. -. 

. ,  
SUhXARP . . r *  

. . .  
. .  

- 'A  method i s  d e s c r i b e d  for t e s t i n g  the  s t r e n g t h  of 
p r o p e l ' l e r s  of any shape, It i s  shown that t h e  shape o f  
t h e  p r o p e l l e r  g r e a t l y  a f f e c t s  t h e  s t r e s s e s ,  and t h a t  g r e a t  
c a u t i o n  r u s t  be e x e r c i s e d  if t h e  r e l i e v i n g  e f f e c t  o f  t h e  

a s t ra ight  blade a x i s ,  i s  t o  be , i n c r e a s e d  by curv ing  t h e  
b l ade  a x i s ,  

" c e n t r i f u g a l  f o r c e ,  which e x i s t s  i n  every p r o p e l l e r  w i t h  

I n  a numerical  example, the c a l c u l a t i o n  i s .made  f o r  
a c e r t a i n  r e v o l u t i o n  speed a t  which the a c t u a l  d i s t o r t i o n  
i $  thea  measured. The r e s u l t s  of t h o  c a l c u l a t i o n  agree 
s a t i s f a c t o r i l y  with t h e  experimental  r e s x l t s .  

T r a n s l a t i o n  by Dwight 14. Linc r ,  
Nat ional  Advisory Committee . 
f o r  Aeronaut ics .  
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